1. The ACF-definition, basic properties. We denote: (1.9). We shall need the formula
Proof by induction. (1.13) is correct for v = 1. Then proceed as in the proof of (1.12).
MALVINA BAICA
We shall need the basic formula
Proof. Start with (1.11). Multiply both sides by Σ n jl ι o a) v) A^+J\ add to the first column the a^ multiple of they + 1st column. The result is obtained by induction.
A periodic ACF-notations.
In this section we begin preparation for the periodicity of the most general a
{0)
G % 2 . This a φ) will be specified later when we approach the central theorem. 
(2.2)
G F ( w t ) = 0, / = 1,...,n Let w x , w 2 ,..., w n be the roots of G F (x) is an algebraic closure of % 2 ( w λ ,..., w n ).
Thus w is chosen to be one fixed root of the H-roots of G F . We introduce the notation The following operations will be useful (2.6) We shall illustrate the first step in the ACF of α (0) , working out all the necessary details of (1.8). In the sequel the current vectors' result will sometimes be enumerated directly without going into the details. We obtain from (2.7), in view of (2.9) and by (2.6) We can now prove the important 
..,w -2; w >4.
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Proof. (3.5) is correct for / = 2, as can be verified from (3.4) . By the method applied in calculating α
(1) , α (2) , the reader will now have no difficulty in proving Lemma 1 by induction. The special cases n -2,3 will be observed separately because of their importance.
Here we have a purely periodic continued fraction representation.
For n -3, we obtain, dφ\.
The ACF of α (0) is purely periodic, and the length of its primitive period is m = 6.
For ί/= lwe obtain
As a numerical example in the case n = 2;
(w-4)(w-2)-2 = 0; choose w = 3 + /3 D x = 4; Z) 2 = 2; rf=2. gC, = ρ; gC 2 =β(/3);
a very simple way of constructing the periodic continued fraction of τ/3 . The reader is reminded that while d -1 in Theorem 1, the other n elements D l9 ... ,D n of the set S n + X may still be any algebraic numbers. It is surprising that in the case d = 1 the ACF of the fixed vector α (0) from (2.7) indeed is purely periodic with the astonishingly short primitive period m -n -1. In the case d φ 1, the ACF of the same α (0) is also purely periodic, but the length of its primitive period equals m -n(n -1). This will be proved in the next sections. But already, we have learned from the previous section, that in the case n -2 the ACF of α (0) 
7) with dφ \ appear subsequently one after the other starting with the first component of the vector; their frequency of occurrence in a vector is k, 0 < k < n -I; if in a vector the frequency of d~x is k, then in the next vector it is k -1; if its frequency in one vector is zero, then in the next vector, it is n -1. D
For they'th vector of the / + 1st fugue we shall use the notation The proof of (5.7) is entirely based on Lemma 2.
If in a certain fugue we have the vector a i(n~i)+J \ then in the next vector we have j + 1, and since k decreases by one in this next vector, it becomes k -1, so that / -(j + 1) = k -\{n) or i -j = k(n), as should be. If we look for the next fugue with the same row-vector j, viz. Λ (ι+i)θ!+i)+^ t j ien t h e frequency of k for the same./ is one greater, namely k + 1, so that we have (i + 1) -j = k + 1(«) or again, i -j = k(n). This proves (5.7) by induction, since it is correct for i -j -k = 0.
We are now able to write down any current vector in the ACF of Λ (0) . For example, let n = 9, m -9 8 = 72, and we want to find α The length of the primitive period of the ACF is indeed very large but, as it will be shown, it does not prevent us from calculating units. Bernstein [3, has proved the following result which we state here with some slight alterations: We introduce a polynomial which will be central to our investigation on units, viz. (6.2) We prove i=\ >1; if all 5 f = 1, then k > 2; 0<D x <D 2 <
Irreducibility and roots of polynomials.
•" <D k . 9 satisfies the conditions of the polynomial P(x) 9 and Theorem 3, so that T(x) is irreducible and has at least one real root in infinitely many cases. In case s k = n,T(x) becomes
LEMMA 3. T(x) is irreducible in infinitely many cases and has, in these cases
Z> > 1.
7=1
and we have to choose
It suffices to choose D >2 n+λ \d\\ n > 2. Concluding, we shall write Γ(x) in the form of (2.1). // the ACF of <z (0) , carried out with the companion vectors ό (υ) is purely periodic with m = the length of the primitive period then the algebraic number (v) One fugue out of the n fugues does not have among its last components the factor d~ι. This fugue is that one whose first vector has k -n -2, so that
Thus the product of the n -1st (/ + 1) fugue equals (with i -n -2) (7.5) ft (w-ζ) (vi) All the entries of the companion vectors of the n fugues are either zero or D x -Dj or d~\D { -Dj) y j -2,...,«, (j φ n -1). Hence they are all integers (and so are the A^).
(vii) Because of (7.4), (7.5), we have
But because of periodicity α^Lγ X) -afl u hence from (7.6) n(n-l)-l n(n-\) (7.7) Π *A= Π Wu
7=0 7=1
so that, by virtue of (7.6), (7.7) ? (O -w -D J9 i = \ 9 ...,k are units in the real field 9. Derivation of previously known units. We return to the polynomial T(x) of (6.2). In the case k = 1, T(x) takes the form, s x = n, T(w) = 0; iv real; iv" = D n + J; iv of degree n over g.
But even in this case the method leading to the periodic ACF of α (0) (w), and the derivation of units from it is the same. We obtain from (9.1) (9. 
